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The number (n, k) of unlabeled oriented graphs with n points and k lines is 
shown to be asymptotic to 
(l/n !)((!)). 2 ~ fork ~ ~- (~). 
The specialization k = (~) leads to the well-known asymptotic formula for the 
number of tournaments [3]. We conjecture that for all n, the choice k 
(n(n -- 1)/3} maximizes r(n, k). 
We follow the notation of Harary and Palmer [2] and consider unlabeled 
graphs, digraphs, and oriented graphs without loops and multiple edges. 
Let g(n, k) be the number of graphs with n points and k lines, d(n, k) 
and r(n, k) the appropriate numbers for digraphs and oriented graphs. 
It is shown in [4-61 that g(n, k) ~ (1/n !)((~)) for a great k-range sym- 
1 n metrical to ~(2). Also, for d(n, k) we have d(n, k)~(1/n!)(n~ -n) for a 
k-range symmetrical to 1(n2--n)[5] .  Because ((~))and (n~, )are  the 
numbers for the labeled cases, an interpretation of these results is: Most 
graphs (digraphs) with k lines (k not too small and too large) have the 
trivial automorphism group. 
Graphs and digraphs can be interpretted as relations atisfying certain 
conditions. In [5] I have shown that all relations which are models of 
"streng parametrische Bedingungen C," have the following property: 
If  qc(n, k) and pc(n, k) are the numbers of relations and nonisomorphic 
relations to C with cardinality k over n elements, then we have the asymp- 
totic equality pc(n, k) ,~ (1In !) qc(n, k) in a great k-range. 
The condition for oriented graphs (written in the form 
VXx(-~(x~, x~)) ^  Vx~ Vx2(x~ r x~ ~ (R(x~ , x~)~ ~R(x~ , xi)))) 
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is the simplest interesting case which is not a "streng parametrische 
Bedingung." 
Here I show that most of the oriented graphs with k lines (k >~ ~(~)) 
also have the trivial automorphism group. For oriented graphs we 
therefore do not have the validity of an asymptotic formula in a k-range 
1 n symmetrical to ~(2), but in a k-range shifted to the end of the interval 
[0, (~)]. Setting k = (~) in Theorem 3 yields the only known asymptotic 
formula r(n, (~)),~(l/nl)2(g) for the number of tournaments [3]. For 
brevity we define B := (~). A trivial result for the number R(n, k) of 
labeled oriented graphs with n points and k lines is 
THEOREM 1. 
B Now let Q(n) = ~k=0 r(n, k) .  x k, and S, be the symmetric group of 
degree n. Let [a] be defined as the greatest integer less than or equal to a, 
and let {a) be the least integer greater than or equal to a. Furthermore, 
let [r, s] and (r; s) denote the 1.c.m. and g.c.d., respectively. 
Harary [1] has found the following formula for Q(n). 
THEOREM 2 (Harary). 
B 
Q(n) = (I/n!) E I-I (1 -]- 2x~) q', 
~es. j'=l 
where 
(P') qi := [(i -- I)/21?, -b i 2 + ~ ?~ "Ps" (r; s) 
r<8 
[r,8]=i 
and p~ are the number of cycles of length i of  ~. Furthermore ~i  i . q~ = 
B -- ~ i i ' P2 i .  
This Theorem can be used to get an asymptotic formula for r(n, k). 
THEOREM 3. I f k  >1 ~B, then r(n, k) ~ (I/n0 R(n, k). 
Proof. Let ~ be the identity permutation ofS, .  From Theorem 2we get 
B 
Q(n) = (1/n 0 Z [-I (1 + 2~) q' 
o~S n j= l  
= (1/.!) (1 + 2x)" + F~ 1-I (1 + 2xJ) ~, 
~e S n j= l  
(2o() ) = (l/n0 B .2k .Xk+. . .  k " 
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Therefore the contribution of e to the coefficient of x k in Q(n) is 
(l/n!) R(n, k). It remains to show that all other permutations only con- 
tribute o((1/n!) l~(n, k)) to the coefficient of  x< With ak := n! 9 r(n, k) -- 
3/(n, k) we have 
B 
Zak 'x  k= Z H(1  §  qj, 
/: ~S  n i=1  
and we must prove that ak = o(R(n, k)). 
B 
For all k and x ~ 0 the inequality akx k ~ ~=o a~ 9 x ~ is valid and this 
gives 
B 
a~ < ~ x -kH(x~'-~( 1 +2x) )  q~ if x ~ 1. (1) 
k B With F(a) :=  x-  Iqj=l (x~-l( 1 + 2x)) q', T(c~) :=  E~J" q~, and S(a) : - -  
~ j  qj (1) leads to 
F(a) = x-~(1 + 2x) r(~) (x/(1 + 2x))r(~)-s("t (2) 
Now we set x = k/2(B -- k) in (2). This can be done since x must be 
~1 because k >~ ~B. Using the formula ~.~ i 9 qi = B -- ~.~ i 9 p~ from 
Theorem 2 we get 
F(a) <~ (k/2(B -- k)) -k (B/(B -- k)) n (k/2B) T(~)-s(~). (3) 
Next, we need a lower bound for the exponent T(a) --  S(a). 
T(a) - -  S(a) = ~ ( j - -  1) q~ = q2 § 2q3 q- 3q4 + -'- 
J 
89 § 3q3 + "") 
: !(B_ ((Pl)~_ P2))- Z i'p2i 
2 {>~ 
I f  Pl = n -- z it is easy to show that B --  ((~,) + p~) ~ 89 --  2), and 
now a useful lower bound is: 
T(a) -- S(a) ~ 88 --  2) --  ~n. (4) 
For the number n(z) of permutations a e S,  with Pl = n -- z it yields 
n(z) <~ (~) z! < n ~ and by (1), (3), and (4) we now have for ak, 
a~ <~ (k/2(B -- k)) -k (B/(B --  k)) n (k l2O)-" / '  ~ (n(k/2B) 'n-2'/4)< (5) 
Z=2 
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Since the asymptotic equality n(k/2B)(~-2)/4 ~ o(1) is valid, the formula 
for the sum of a geometric series is applicable in (5) and gives, with a 
constant K1, 
as ~ KI"  n2(k/2(B --  k)) -k (B/(B -- k)) B (k/2B)(n/4)-1 =:  u(n, k). (6) 
We now look at R(n ,k )= (~) .2k= (B! /k ! (B - -k ) ! )2  k and use the 
following form of the Stifling formula to get a lower bound for R(n, k). 
log x! = (x q- 89 log x -- x 4- 0(1). (7) 
Two cases are possible: 
For all k >~ ]B with limn~oo(B -- k) = oo, formula (7) is applicable to 
B, k, and B-  k. Including as much as possible, the lower bound (8) 
with a constant Ke can then be obtained: 
R(n, k) ~ K,(k/(B --  k)) -k (B/(B -- k)) B (B/k(B -- k))*/~ . 2 k =:  Wl(r/, k). 
(8) 
If  k ~ aZB and B -- k does not depend on n, we use (7) for B and k, and 
use a constant Ka , to obtain: 
R(n, k) >/1(3" k -~ " B B" (B/k) ~/* " 2 k =:  w2(n, k). (9) 
In each case ak/R(n, k) <~ u(n, k)/wi(n, k) = o(1) since k/2B ~ 89 and 
the proof is complete. 
If  we look at r(n), the number of unlabeled oriented graphs with n 
points, we can use [5], to get an asymptotic formula for r(n). Since the 
condition for oriented graphs (given above) in the terminology of [5] is 
a "parametrische Bedingung," [5, Theorem 1.5] is applicable, and we 
have 
THEOREM 4. 
n 2 
r(n) = ( I /n,)3 (~)" (I + 0 (2n_,)). 
Theorem 3 only gives information for k ~> lB. The conclusion of 
this Theorem is easily obtained for those values of k satisfying 
lim,,_,oo((2 9min(k, B -- k)/n) -- log n) = oo. 
To do so we observe that 
R(n, k)/n! ~ r(n, k) ~ g(n, k) 2L 
582b/2x/3=6 
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However, Wright [6] has already shown that, for these values of  k, the 
upper bound g(n, k)2  k is asymptotic to the lower bound, completing 
the proof. 
The formula r (n ,k)~(1/n! )R(n,k)  is not valid if k ~ 89 since 
r(n, k) is independent of  n for these values of k. For oriented graphs we 
therefore can determine the validity of  the asymptotic formula 
r(n, k) ~ (l/n!) R(n, k) for nearly all k ~ [0, (7)]- 
An interesting unsolved problem is the following: It is easy to see that 
if n is fixed, the function f(k) -~ (1/n!)(g) 2 k approximating r(n, k) takes 
a maximum if k = (]B}. Harary [1] has calculated r(n, k) for n ----- 1 ..... 6. 
For these values of  n, the maximal value of  r(n, k) is r(n, (aZB}). My 
conjecture is that 
r(n, {~B}) = max{r(n, k) I k = 0 ..... B} 
for all n. 
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